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Immediate Observation Petri Nets
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Application: Chemical Reaction Networks

Enzymatic catalysis:

[A Petri net approach to the study of persistence in chemical reaction networks, Angeli et al., ’06]

E + R ⟶ E + P

enzyme reactant product

F

S0 S1 E⇤

E

S⇤
0

F ⇤S1 S⇤
1

S⇤
2

E + S0 → E + S1 → E + E*
F + E* → F + S1 → F + S0

E* + S*0 → E* + S*1 → E* + S*2
F* + S*2 → F* + S*1 → F* + S*0
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Application: Population Protocols

Distributed computing model where identical 
finite-state mobile agents jointly compute a 
function.

Agents communicate through rendez-vous.

y y

n n

2

2

[The computational power of 
population protocols, Angluin et al.,’06]
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Application: Population Protocols
Distributed computing model for identical finite-state mobile agents.

Immediate observation population protocols:

Introduced to model sensor networks.

An agent observes an other agent’s state and updates 
its own based on this information.
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[The computational power of 
population protocols, Angluin et al.,’06]
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Parameterized Problems
In these application domains we are interested in parameterized problems.
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• Goal of a protocol: compute a function 

• Protocol: Petri net    . Input: initial marking      .

• Correctness: for every initial marking      , the Petri net              “computes”           .

f : ℕk → {0,1}

M0 f(M0)
N

(N, M0)
M0
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Initial markings: 

parameter

M(n)
0 = n ⋅ p1

p3

This protocol is correct if and only if for every 
initial marking        :

•               all markings reachable from       

can reach the marking with all tokens in p_.


•               there is no reachable marking with 
a token in     .                    

M(n)
0n ≥ 3 ⇒

n < 3 ⇒
p3

M(n)
0
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Counting Constraints
We consider infinite sets of markings defined by counting constraints.

• An expression                     is an 
atomic bound.

2 ≤ x2 ≤ 5

lower bound upper bound
number of tokens in p2
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• An expression                     is an 
atomic bound.

2 ≤ x2 ≤ 5

lower bound upper bound
number of tokens in p2

x1
<latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit>

x2
<latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit>

e.g. in a Petri net with two places      and  p1 p2

• Counting constraints are boolean 
combinations of atomic bounds. 2 ≤ x1 ≤ ∞ ∧

2 ≤ x2 ≤ ∞
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Counting Constraints
We consider infinite sets of markings defined by counting constraints.

• An expression                     is an 
atomic bound.

2 ≤ x2 ≤ 5

lower bound upper bound
number of tokens in p2

x1
<latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit>

x2
<latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit><latexit sha1_base64="HJPm0szxZYux7F8Wyce2tQiPYqA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaUDbbabt0dxN2N2IJ/QtePKh49Rd589+YtDlo64OBx3szzMwLY8GNdd1vZ2V1bX1js7RV3t7Z3duvHBw+mCjRDH0WiUi3Q2pQcIW+5VZgO9ZIZSiwFY5vcr/1iNrwSN3bSYyBpEPFB5xRm0tPvXq5V6m6NXcGsky8glShQLNX+er2I5ZIVJYJakzHc2MbpFRbzgROy93EYEzZmA6xk1FFJZognd06JaeZ0ieDSGelLJmpvydSKo2ZyDDrlNSOzKKXi/95ncQOLoOUqzixqNh80SARxEYkf5z0uUZmxSQjlGme3UrYiGrKbBZPHoK3+PIy8eu1q5p3d15tXBdplOAYTuAMPLiABtxCE3xgMIJneIU3RzovzrvzMW9dcYqZI/gD5/MHsAaNiQ==</latexit>

e.g. in a Petri net with two places      and  p1 p2

• Counting constraints are boolean 
combinations of atomic bounds. 2 ≤ x1 ≤ ∞ ∧

2 ≤ x2 ≤ ∞¬

0 ≤ x2 ≤ 2 0 ≤ x2 ≤ ∞
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Parameterized Reachability and Coverability

Parameterized Reachability 

QUESTION: Are there markings M ∈ S and M’ ∈ S’ such that M’ is reachable 

from M in net N ?

8/15

INPUT: An IO net N, and two sets of markings S and S’ described by counting 

constraints.
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Parameterized Reachability 

QUESTION: Are there markings M ∈ S and M’ ∈ S’ such that M’ is reachable 

from M in net N ?

Parameterized Coverability 

QUESTION: Are there markings M ∈ S and M’ ∈ S’ such that M’ is coverable 

by M in net N ?

8/15

INPUT: An IO net N, and two sets of markings S and S’ described by counting 

constraints.
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Results

Compared to arbitrary conservative Petri nets, IO nets


• don’t lose expressivity, and


• do much better for parameterized problems: deciding for infinitely many 
markings is not harder than for a single marking!
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Correctness is PSPACE-hard 
and in EXPSPACE

[Esparza, Ganty, Majumdar, Weil-Kennedy, ’18]

Correctness is PSPACE-complete

[This paper]
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Main Theorem

Theorem 

For N an IO net with n places, for 𝛤 a counting constraint 
describing a set S, 


1. there exist counting constraints for pre*(S) and post*(S) 

2. the size of these counting constraints is   ≤ size(Γ) + n3
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1 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧
0 ≤ p3 ≤ 0 ∧

0 ≤ p4 ≤ 0

p3 p4

p2p1

Not a counting constraint!

12/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

t*1

S0 ∨
2 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

∨
1 ≤ p1 ≤ ∞ ∧
2 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

t*1

S0 ∨
2 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

∨
1 ≤ p1 ≤ ∞ ∧
2 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S S1

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

t*1

S0 ∨
2 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

∨
1 ≤ p1 ≤ ∞ ∧
2 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

S1t*13 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S S1

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

t*1

S0 ∨
2 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

∨
1 ≤ p1 ≤ ∞ ∧
2 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

S1t*1

t*2
S1 ∨

1 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

1 ≤ p3 ≤ ∞

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S S1

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

t*1

S0 ∨
2 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

∨
1 ≤ p1 ≤ ∞ ∧
2 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

S1t*1

t*2
S1 ∨

1 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

1 ≤ p3 ≤ ∞

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S S1 S2

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

t*1

S0 ∨
2 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

∨
1 ≤ p1 ≤ ∞ ∧
2 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

S1t*1

t*2
S1 ∨

1 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

1 ≤ p3 ≤ ∞

t*2

t*1

t*2
t*1

t*3

…

…

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S S1 S2

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem

By the Main Theorem, we know we can apply the following 
algorithm to counting constraint     to obtain               .post*(S)

post*(S) = S0 ∨ S1 ∨ S2 ∨ … ∨ Sk

t*1

S0 ∨
2 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

∨
1 ≤ p1 ≤ ∞ ∧
2 ≤ p2 ≤ ∞ ∧

0 ≤ p3 ≤ 0

S1t*1

t*2
S1 ∨

1 ≤ p1 ≤ ∞ ∧
1 ≤ p2 ≤ ∞ ∧

1 ≤ p3 ≤ ∞

t*2

t*1

t*2
t*1

t*3

…

…

3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0

S S1 S2 Sk

S

p1

t1t3

p2

t2 t4

p3

2

2

2

2

= S0

13/15



Applying the Main Theorem
p1

t1t3

p2

t2 t4

p3

2

2

2

2

p3

This protocol is correct if and only if for 
every initial marking        :

•               all markings reachable from       

can reach the marking with all tokens in 
p_.


•               there is no reachable marking 
with a token in     .                    

M(n)
0n ≥ 3 ⇒

n < 3 ⇒

p3

M(n)
0

14/15



Applying the Main Theorem
p1

t1t3

p2

t2 t4

p3

2

2

2

2

p3

This protocol is correct if and only if for 
every initial marking        :

•               all markings reachable from       

can reach the marking with all tokens in 
p_.


•               there is no reachable marking 
with a token in     .                    

M(n)
0n ≥ 3 ⇒

n < 3 ⇒

p3

M(n)
0

post*
3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0
pre*

0 ≤ p1 ≤ 0 ∧
0 ≤ p2 ≤ 0 ∧
3 ≤ p3 ≤ ∞

⊆

14/15



Applying the Main Theorem
p1

t1t3

p2

t2 t4

p3

2

2

2

2

p3

This protocol is correct if and only if for 
every initial marking        :

•               all markings reachable from       

can reach the marking with all tokens in 
p_.


•               there is no reachable marking 
with a token in     .                    

M(n)
0n ≥ 3 ⇒

n < 3 ⇒

p3

M(n)
0

post*
3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0
pre*

0 ≤ p1 ≤ 0 ∧
0 ≤ p2 ≤ 0 ∧
3 ≤ p3 ≤ ∞

⊆

14/15



Applying the Main Theorem
p1

t1t3

p2

t2 t4

p3

2

2

2

2

p3

This protocol is correct if and only if for 
every initial marking        :

•               all markings reachable from       

can reach the marking with all tokens in 
p_.


•               there is no reachable marking 
with a token in     .                    

M(n)
0n ≥ 3 ⇒

n < 3 ⇒

p3

M(n)
0

post*
3 ≤ p1 ≤ ∞ ∧
0 ≤ p2 ≤ 0 ∧

0 ≤ p3 ≤ 0
pre*

0 ≤ p1 ≤ 0 ∧
0 ≤ p2 ≤ 0 ∧
3 ≤ p3 ≤ ∞

⊆

check inclusion

14/15



Conclusion

• We study class of Petri nets with applications to population 
protocols and chemical reaction networks.

15/15



Conclusion

• We study class of Petri nets with applications to population 
protocols and chemical reaction networks.

•  The applications require to solve parameterized problems → very hard

15/15



Conclusion

• We study class of Petri nets with applications to population 
protocols and chemical reaction networks.

•  The applications require to solve parameterized problems → very hard

• Main result: for immediate observation nets, parameterized 
questions are as simple as “singleton” questions!

15/15



Conclusion

• We study class of Petri nets with applications to population 
protocols and chemical reaction networks.

Thank you !

•  The applications require to solve parameterized problems → very hard

• Main result: for immediate observation nets, parameterized 
questions are as simple as “singleton” questions!
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Pruning Theorem 

Let N be an IO net with n places. 


If a marking M’ is coverable by some marking M, then M’ is coverable 
by some marking C such that 


1.  C is covered by M.


2.  |C | ≤ |M | + n3



Building Block

Pruning Theorem 

Let N be an IO net with n places. 


If a marking M’ is coverable by some marking M, then M’ is coverable 
by some marking C such that 


1.  C is covered by M.


2.  |C | ≤ |M | + n3

Pruning: we remove tokens from the run that covers M’ without modifying 
its covering property.


